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INTRODUCTION
A 2-(v, k, 1) design 9 = (S, 93) is a finite set S of u points and a collection $3 of k-subsets of S, called blocks, such that any 2-subset of S is contained in precisely one block. We will always assume that 2 <k < o.
Let G d Aut 9 be a group of automorphisms of a 2-(u, k, 1) design 9. Those designs $3 for which G acts doubly transitively on the points have been classified by Kantor [6] and, for the particular case k = 3, by Key and Shult [7] . Both results depend on the classification of finite simple groups.
In this paper we classify the designs 9 for which G acts doubly homogeneously but not doubly transitively on the points. Our main result is independent of the classification of finite simple groups.
DOUBLY HOMOGENEOUS 2-(0, k, 1)DESIGNS 141 THEOREM.
Let 9 be a 2-(II, k, 1) design admitting a group G of automorphisms which acts doubly homogeneously but not doubly transitively on the points. Then v = p" for some prime p = 3 (mod 4), n is odd and (1) 9 is an affine space over a subfield of GF(p") or (2) 9 is a Netto system, k= 3 and p= 7 (mod 12).
The Netto systems will be described in detail in Section 3. We shall prove that for v > 7 they are the only 2-(v, k, 1) designs whose full automorphism group is doubly homogeneous but not doubly transitive. The name Netto system seems to be due to Dembowski [2, p. 981 but, as noticed by Robinson [lo], they are different from the systems constructed by Netto [9] in 1893.
ASSUMED RESULTS
The following obvious observation is important for this paper: Here GE = GJG,,, denotes the group induced by G on B, Gs is the set . . stabilizer, while G,,, is the pointwise stabilizer of B.
In a finite field GF(q), the group of all semilinear transformations is denoted by ATL( 1, q). It has a subgroup AT'L( 1, q), of index 2 if q is odd, consisting of all transformations of the form x -+ a*x" + b, where 0 #a, h E GF(q), and q is a field automorphism.
The following result of Kantor [S, p. 2471 is fundamental: In particular, note that for every pair (a2, b) with a # 0, there exists a field automorphism rp such that the transformation x + a*xq + b belongs to G. Let q = p", where p = 7 (mod 12) is a prime and n is odd. Since q -1 E 0 (mod 6), there are exactly two primitive sixth roots of unity sr and a2 in F= GF(q). Note that s1 and s2 are non-squares and are the roots of x2-x+1=0, so that E,+E~=E,E~=~. We define a relation < in F by u< v iff v-u is a non-zero square in F. As -1 is not a square, for any u # v in F we have either u < v or v < u.
The Netto system N(q) can now be constructed as follows. The points of N(q) are the elements of F. For u < v, let w = f(u, v) = u&i + VEX ; it is easy to check that v < w with f(v, w) = u and w < u with f(w, u) = v. We define the blocks of N(q) to be all sets {u, v, f(~, v)} where u < v. The above observation implies immediately that N(q) is a 2-(q, 3, 1) design. If the roles of E, and &2 are interchanged in the definition of f(u, v) we obtain a formally different but isomorphic design (this was also noticed by Clapham [l] and Robinson [lo] ).
When g belongs to APL(l, q) it is easy to check that u< v implies u" < v" and that (f(u, v))~ =f(ug, vg). Therefore AT2L( 1, q) is a subgroup of Aut N(q). Using a result of Hall The system N(7) is the projective plane PG(2, 2). Since PG(Q 2) has a doubly transitive automorphism group and since AT2L( 1, q) is never doubly transitive, the only coincidence between Netto systems and projective spaces is PG(2,2) = N(7). This has been proved in a different way by Liineburg [S]. 4 . PROOF OF THE THEOREM Let 9 be a 2-(v, k, 1) design and G a group of automorphisms of 9 acting doubly homogeneously but not doubly transitively on the points of 9. Then, by Lemma 2.2, v = p" for some prime p = 3 (mod 4) and some odd integer n; we may identify the points of 9 with the elements of F= GF(p") and G with a subgroup of AT2L( 1, p"). From Lemmas 2.1 and 2.2, k E 3 (mod 4) is a prime power and the group GB induced on any block B is a subgroup of AT'L( 1, k).
The proof splits now into two parts, according as p 1 k or pjk. In what follows, B will always denote the block containing 0 and 1.
Part 1: plk
It is well known that we obtain an afIine space if we take as points the elements of F = GF(p") and as lines the images of a subfield of F under a doubly homogeneous subgroup of ATL(1, p"). We will show that B is a subfield of F.
Let 1 BI = k = p" and let T be the translation subgroup of ATL( 1, p"). We know that T d G. Since 1 TI = p" does not divide p"( p" -1 )/p"( p" -1 ), which is the number of blocks of 9, there is a non-identity translation leaving a block invariant. Since T is normal in G and G is doubly homogeneous, it follows that for any point y E B, the translation x -+ x + y belongs to G,. Therefore B is closed under addition and so is a subspace of F viewed as a vector space over GF(p) . This implies that the involution i: x + -x leaves B invariant and is an automorphism of 9. The group generated by G and i is a subgroup of Aut 2 acting doubly transitively on the points and so, by [6, Proposition 4.11, 9 is an affine space over a subfield of F.
Part 2: p.lk
We shall see that this leads to the Netto systems. The proof involves three steps:
Step 2.1: k = 3. Suppose k > 3. Then GE, as a doubly homogeneous group acting on more than 3 points, is non-abelian, and 1 # Gg d AGL( 1, p"). Since pjk and since all orbits of a non-identity translation in T have size p, no such translation leaves B invariant. Therefore Gk n T = 1 and so, by [4, Chap. V, para. 81, Gi is contained in a Frobenius complement of T in AGL( 1, p"). Thus Cl, fixes precisely one point a of F. As Gi a G,, we conclude that Gs d G, and a 4: B. As Go,, leaves B invariant, G, 1 < G,Q G, and so G,,, = G,,,. Therefore G,,, < G,,, implies G,,, d G' B,O, I . By Lemma 2.2(d), it follows that (GB)O has two orbits on B\(O), each of which has length 1. This contradicts our initial assumption k > 3.
From now on, the third point of the block B will be denoted by E.
Step 2.2: E satisfies the equation .x2-x + 1 =O. Let F be the set of points fixed by Go,r Since Go, r consists of field automorphisms and leaves B invariant, F is a subfield of F and BLI? Actually B# F because otherwise F would be of characteristic 3, contradicting ptk. Since an element of G fixing two points x and )' fixes also the third point on the block through x and y, the blocks of 9 contained in F yield a 2-(V,3, 1) design a on F By Witt's lemma [ 11, Theorem 9 .41, the group G = GF//G_(F, acts doubly homogeneously on F and, since Go,, = 1 by construction, G is sharply doubly homogeneous.
Suppose that E is a square in R Then, by Lemma 2.2(c)(d), the group G contains the transformation 2: x --+ EX 'p for some automorphism cp of the field R As B" = { 0, E, E" + ' } is a block of a, we have Bg = B and so S fixes 0 while interchanging 1 and E. This contradicts the fact that G has odd order. Therefore E is a non-square and the transformation 2: x -+ --EX" + E DELANDTSHEER ET AL. is in G. As lg=O and Og=~, we have Bg=B and so se= --E'+~+E= 1. Thus, in order to prove Step 2.2, it suffices to show that cp is the identity on F.
Since g3 fixes 0 and 1 and since G is sharply doubly homogeneous on F,
is the identity on F. Thus -E'+'P+d= 1 and (p3= 1.
Suppose that cp is not the identity on F'. Then cp: x + xa where a3 is IFI or IFI*. Let b = IFI ii3, so that b = a or '+O+Oz= 1, becomes in both cases & Equation (1 ), or equivalently
When a = b2, this is a consequence of xb4 = xb for every x E F and of
Therefore, by Eqs. (2) and (3), -E belongs to ( gbP ' ), where w is a primitive root of F. Let -E = 0 (bP ')A It is easy to check that the transfor-. mation x + --Ex~ (which belongs to G) fixes 0 and another point, namely w -h if b = a and gb" if b = ,,/% This contradicts the fact that G is sharply doubly homogeneous on F.
Step 2.3: 9 is a Netto system. The total number of blocks of 9 is p"(p" -1)/6. Since p # 3, we have p" -1 = 0 (mod 3), which implies p-1=0 (mod3) because n is odd, and so p=7 (mod 12) because p=3 (mod 4). Therefore, by Step 2.2, E is a primitive sixth root of unity, lying in the prime field GF(p). Hence the images of B = { 0, 1, E} under G are all of the form {b, a2 + b, a2.z + b}. Moreover, by Lemma 2.2, for every choice of (a*, b) with a # 0, the set {b, a2 + b, u's + 6) is an image of B under G and so is a block of $9. Without loss of generality we may take E = E?, so that f(b, a2 + 6) = USE + b. This shows that 9 is a Netto system.
